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Abstract. The elliptic gamma function is a generalization of the Euler gamma func- 
tion. Its trigonometric and rational degenerations are the Jackson q-gamma function 
and the Euler gamma function. We prove multiplication formulas for the elliptic gamma 
function, whose degenerations are the Gauss- Askey multiplication formula for the Euler 
and trigonometric gamma functions. 



1. Introduction 

Special functions defined by infinite products often have duplication formulas. Here 
are some examples. 

sin (2ttz) = 2 sin (irz) sin (tt(z + -)) , 

(1) T(2z)^ = 2^T(z)T(z+ 1 -) , 

(2) T q (2z)T g2 ^) = [2]f- 1 T q2 (z)T q ,(z+ 1 -) , 

(3) 9 (2z,r) = 9 (z,t)9 (z + ^,t)9 (z + ^,t)9 (z + ^,t) . 

The function T(z) = J °° t z ~ x e~ l dt is the Euler gamma function. It satisfies the func- 
tional equation T(z + 1) = z T(z). Formula (1) is Legendre's duplication formula. 
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The function T q (z) is Jackson's g-gamma function. Set x = e 2mz , q = e 2mT , and 
denote 

oo 

(x;q) = JJ(l-xg J ). 

3=0 

Then 



Tg(z) = r tri g(^,r) = (1- q) 



(q z ;q) ' 

The g-gamma function obeys the functional equation 

r,(* + i) = [z} q r q (z) , 

where [z\ q = is the trigonometric analog of the number z. The g-gamma function 

degenerates to Euler's gamma function, 

lim r trig O,T) = T(z) . 

Formula (2) is Askey's duplication formula, see @. 

The function 9 (z, r) = (x, q)(q/x, q) in (3) is one of Jacobi's theta functions. Formula 
(3) see for instance in |Ka . 



In this paper we give two duplication formulas for elliptic analogs of the gamma 
function, 

T <J T + (7 

F(2z, r, a) = F(z, t, a)T(z + -, r, a)T(z + -, r, a)T(z + — ^— , r, a) 

TV , 1 \r( , 1 + r \rt , 1 + a \w , 1 + r + a x 
r U + 2' r ' CT ) r ^ H 2~ ' r ' °") F ^ H 2"' r ' cr ) r ^ H 2 ' r ' a ) ' 

(\ 22-1 
¥r^T J f (2, 2r, a)f ( 2 + J, 2r, a) , 

see definitions below. The expression 9 q^&) * s an e ^iptic analog of the number z. We 
have the trigonometric and rational limits of the theta function: 



6 (t,<t) i- e ^iT 



z . 



2. Elliptic gamma function 

The elliptic gamma function is an elliptic generalization of the Euler gamma function. 
It is the meromorphic function of three complex variables z,r,a, with Imr, Imcr > 
defined by the convergent infinite product 

°° 1 _ e 27Ti((j + l)r+(k+l)a-z) 

F(z,T,(t) = Y\_ 1 _ e 2ni(jT+ka+z) ' 

j,k=0 
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It is the unique solution of a functional equation involving the Jacobi theta function 9q. 



Theorem. [|FV1|1 Suppose that t, o are complex numbers with positive imaginary part. 
Then u(z) = T(z, r, a) is the unique meromorphic solution of the difference equation 



u(z + a) = 9 (z, t)u(z) 



such that: 



(i) u(z) obeys u(z + 1) = u(z) and is holomorphic on the upper half plane Imz > 0, 

(ii) «((r + a)/2) = l. 



The elliptic gamma function first appeared in ]R[]. The modular properties of the 



elliptic gamma function and their relations to SL(3, Z) are discussed in [|FV1|| , appear- 
ances and applications of the elliptic gamma function can be found in |B|, PP| , [JMN , 
JKKMWj FTVL |FV3|, Fvj . 



Let T be the function 



T(z,T,a) 



(gj_g) 
(r; r) 



9 (T,o-y- z T(zT,T.a 



q = e 2wiT , r = e 2nia . 



Then u(z) = T(z, t, a) is a solution of the functional equation 

9 (tz, a) 



u(z + l) 



u(z). 



9 (r,a) 

The normalization was chosen here so that u(l) = 1. As o — > ioo we recover Jackson's 
g-gamma function, 

r t rig(^,r) = lim T(z,r,a) . 



3. Multiplication Formulas 
3.1. The first multiplication formula. 

Theorem. For any natural n we have 

T(nz,T,a) = T(z + . 

- LJ - n 

ki,k 2 ,k 3 =0 
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Proof. Let w = e 2m ^ n . Then the right hand side of this formula is 

n— 1 OO 1 I n-k 2 . n-fc 3 _ 1 

n-i-i- 1 — W n r + n X 

fe 1 ,fc 2 ,fc 3 = o i,m=o 1 - ™ fcl g + » r m+ » x 



n 1 °° 1 n (l+l)n— k2 r (m+l)n— kg „— n °° 1 „2+l„m+l ™— n 

nTT 1 y ' . TT " 

J. J. J Qln+k2 y,mn+kz r^n J. J. J ^X^.m^.n 

k 2 ,k 3 =0 l,m=0 y i,m=0 

□ 



rfnz, r, cr). 



3.2. The second multiplication formula. 

Theorem. For any natural n we have 

-1 -2 - n — 1 
iYnz, r, a) T( — , tit, cr) T( — , nr, cr) ... IY , nr, c) = 

n n n 

' \ 112- 1 

9 (nr,a) \ - - 1 - 2 - n - 1 

— — 1 lz, nr, a) L [z + -,riT,a) i [z + -,nr,a) ... 1 [z H . 

^o(T,cr) J n n n 

The theorem is an easy consequence of the following two lemmas. 
Lemma. For any natural m and n, we have 

m— 1 n— 1 

r(z, r, cr) = jQ | J r(z + ar + 6c, mr, nc) . 

a=0 b=0 

Lemma. For any natural n, we have 

1 

r(r, nr, a) T(2r, nr, cr) ... T((n — l)r, nr, a) 



(q,q n )(q 2 ,q n )...(q n -\q n ) ' 
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